
NON-THERMAL RADIO EMISSION

Rayleigh-Jeans Limit:

Iν(T ) =
2ν2

c2
kT

Sν(T ) =
2ν2

c2
kTΩs

⇒ T =
Sνc

2

2ν2kΩs

Q: What if T ≥ 105 K? T ≥ 107 K?



Synchrotron Radiation of a Single Electron

Relativistic Einstein-Planck Eqn:

d

dt
(γm~v) = e(~v × ~B)

If no E field, then no net force and γ ≡ [1 −
(v
c)

2]−1/2 and |~v| constant. Separating the ve-

locity components along ~B,

d~v‖
dt

= 0,
d ~v⊥
dt

=
e

γm
( ~v⊥ × ~B)

⇒ ~v‖ = constant and ~v⊥ = constant as well

because |~v| = constant. The solution is a uni-
form circular motion with a constant accelera-
tion perpendicular to ~B with magnitude a⊥ =
eB
γmv⊥ – a helical trajectory with a constant speed

along ~B.
The angular frequency of the orbit is wB =

eB
γm = wG

γ , where wG = 17.6( B
Gauss) MHz is the

gyration frequency.



Power Radiated:

From the Larmor formula P (t) = 2
3
e2v̇2

c3
, P =

2e2

3c2
γ4a2

⊥ and

P =
2e2

3c2
γ4(wBv⊥)2 =

2e4v2
⊥B2

3m2c2
γ2

averaging over all directions,

P =
4

3
β2cσTγ2UB

where σT is Thompson cross section and UB =
B2/4π is magnetic energy density.

When γ ≫ 1, β ∼ 1, and P ∝ γ2!!



Relativistic Beaming:

• Energy radiated into a narrow cone:
θ = 2/γ radian

• Duration of the pulse: ∆t = θ/wB = 2mc
eB

• Pulse shortened by finite speed of light: ∆t′ =
mc

eBγ2

• Characteristic frequency νc = 1/∆t′ = eBγ2

mc

νc(GHz) ∼ 0.016(
B

µG
)(

E

GeV
)2

• Maximum emission occurs at νpeak = 1
2
νc

• Synchrotron lifetime: τs ≡ E/Ė

τs(yrs) ∼ 109(
B

µG
)−3/2(

νc

GHz
)−1/2

[e.g. 108 yr at νc = 1 GHz and B = 5 µG]

** Check Condon & Ransom notes for derivations **



Radiation from an Ensemble of Electrons

From empirical evidence, a power law distri-
bution is reasonable for electron energy distri-
bution

N(E)dE = KE−pdE

Since the power radiated is proportional to
γ2 = ( E

mc2
)2

dP ∝ N(E)E2dE ∝ E2−pdE

Most power radiated at νpeak, then

ν ∝ γ2 ∝ E2 and dν/dE ∝ E

Thus, dP ∝ (ν(2−p)/2)(ν−1/2dν) ∝ ν(1−p)/2dν,
and since Sν = dP/dν

Sν ∝ ν(1−p)/2

Commonly, spectral index α is defined as Sν ∝
ν−α, and thus α = (p − 1)/2.

Example: typically α = 0.7 (e.g. SNR)

N(E) ∝ E−2.4 !



Volume emissivity:

ǫ(ν) =
∫
E P (ν, E)N(E)dE

P (ν) =

√
3e3Bsinφ

mc2

ν

νc

∫ ∞
ν/νc

K5/3(η)dη

where K5/3 is the modified Bessel function of
5/3 order.

Homogeneous Magnetic Field

ǫ(ν) = a(α)K

√
3e3

8πmc2
[

3e

4πm3c5
]α(Bsinφ)α+1ν−α

(see RW Table 9.2 for a(α); a(α) ∼ 1.8 for α = 0.7)

Random Magnetic Field

For random orientation of B field, the (Bsinφ)α+1

term needs to be averaged over all angles, and

ǫ(ν) = b(α)K
e3

mc2
[

3e

4πm3c5
]αBα+1ν−α

(see RW Table 9.2 for b(α); b(α) ∼ 0.087 for α = 0.7)

[Note that polarization averages out to zero in
the random magnetic field case (see below).]



Polarization of Synchrotron Radiation

Radiation field of highly relativistic electrons
orbiting in a homogeneous B field is strongly
beam by the energy γ of the electron. It is de-
tected only when beamed toward the observer,
and the instantaneous radiation is generally el-
liptically polarized. Since the PA of the polar-
ization ellipse is rotating with electron, the time
averaged polarization is linear (see RW 9.8 and
RL 6.4 for more details).

For particles with a power law distribution of
energies, the degree of polarization is

∏
=

p + 1

p + 7/3

(for α = 0.7, linear polarization may be as
large as 70% !)



Energy Requirements

Energy in a nonthermal source is present in
two different forms: Wp (particle energy) and
WB (magnetic energy).

Wtotal = Wpart + Wmag = V (up + uB)

up = ηue = ηK
∫ Emax

Emin
E1−pdE

uB =
B2

8π
Since radiated power peaks strongly near νc,
substitute ν = 3eB

2m3c5
E2 and α = p−1

2

up = K × G × Bα−1/2

where G = η
1−2α( e

m3c5
)α−1/2(ν1/2−α

max − ν
1/2−α
min )

⇒ Wtot = V × (K × G × Bα−1/2 +
B2

8π
)

For a source with a volume V at a distance
R, observed flux density is

Sν = KHV Bα+1ν−α/R2

where H = b(α) e3

mc2
( 3e
4πm3c5

)α. Substituting this
back into Wtot, one gets

Wtot =
G

H
R2(Sνν

α)B−3/2 +
V B2

8π



Wtot has the minimum value when

Beq = (6π
GR2

HV
Sνν

α)2/7

Wtot =
7

6
(6π)−3/7(

Gνα

H
Sν)

4/7R8/7V 3/7

This equation gives an estimate of the mini-
mum energy requirements of a synchrotron source.


